@ Springer e)

KSME

Journal of Mechanical Science and Technology 24 (9) (2010) 1819~1827

www.springerlink.com/content/1738-494x
DOI 10.1007/512206-010-0628-5

Spatial and temporal structures of turbulent bubble-driven flows
in a rectangular water tank '

Seung Jae Yi, Sang Moon Kim, Hyun Dong Kim, Jong Wook Kim and Kyung Chun Kim®

Micro-Bio Fluidics Laboratory, School of Mechanical Engineering, Pusan National University,
San 30, Jangjeon-dong Geumjeong-gu Busan 609-735, Korea

(Manuscript Received January 19, 2010; Revised April 20, 2010; Accepted June 2, 2010)

Abstract

The spatial and temporal structures of turbulent water flows driven by air bubbles in a rectangular water tank were investigated. The
time-resolved particle image velocimetry (PIV) technique was adopted for quantitative visualization. Flow rates of compressed air were
changed from 2 to 4 {/min at 0.5 MPa, and the corresponding range of bubble-based Reynolds number ranged from 6,740 to 13,220. The
dynamics of flow structures was further investigated by the time-resolved proper orthogonal decomposition (POD) analysis technique.
When the flow rate was increased, the main vortex core moved to the side and bottom wall. Locations of peak turbulent kinetic energy
regions depended on the bubble Reynolds number. Both spatial and temporal modes were quite different with respect to the flow rates.
The first temporal mode was harmonized with the second temporal mode, with small oscillations in the case of the lowest Reynolds
number. However, temporal modes oscillate with higher frequencies when the Reynolds number increases. Based on the result of the
FFT analysis of each temporal mode, we conjectured that low-frequency oscillation was attributed to the recirculating flow, whereas a

higher dominant frequency was related to the vibration of the free surface that interacts with the rising bubbles.
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1. Introduction

Bubble-driven flow is significant to various engineering
systems, such as nuclear waste treatment, bio-chemical reac-
tors, and steel-making plants. In chemical engineering and
industrial fields, problems with mixing, such as powder dis-
persion, solid blending, and gas dispersion into liquid, have
been important issues because product quality and productiv-
ity highly depend on it [1-3].

Despite the extensive applications of this basic flow phe-
nomenon, the design of these engineering systems has been
mainly based on trial and empirical methods. Thus, a detailed
examination of mass, momentum, and energy transfer is es-
sential to improve and optimize the design of these industrial
processes. However, the complexity of the fluid’s turbulent
dynamics, three-dimensional two-phase flow, and the coales-
cence and break-up of bubbles, has prevented researchers
from devising comprehensive modeling procedures and estab-
lishing design rules.

There are two main interests in turbulent bubble flow stud-
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ies: turbulence modification by bubbles and turbulent mixing
due to bubble-driven liquid flows. Previous studies on turbu-
lence modification have shown that dispersed bubbles can
either augment or attenuate the turbulent kinetic energy of the
liquid phase [4, 5]. Fujiwara et al. [6] conducted an experi-
mental investigation of a vertical pipe flow injected with dis-
persed bubbles using particle image velocimetry (PIV)/laser-
induced fluorescence (LIF) and projecting shadow image
technique. They found that a high concentration of bubbles in
the vicinity of the wall induces a reduction of the fluctuation
velocity intensity of the liquid. However, the external force
that is affected by the bubbles is expected to contribute to the
production of turbulence energy.

Durst et al. [7, 8] experimented on bubble-driven laminar
flows by investigating liquid circulation and motion of bub-
bles using a laser-Doppler system. The liquid-phase circula-
tion pattern was found to be insensitive to the actual shape of
the void fraction profiles. Johansen et al. [9] studied fluid dy-
namics in bubble-stirred ladles by employing a laser-Doppler
system to measure the axial and radial mean velocities and
fluctuating velocities of the liquid phase. Air was supplied
through a porous plug placed at the bottom wall of a cylindri-
cal perspex model of a ladle. Recently, Montante et al. [10]
measured turbulent gas—liquid flow and bubble size distribu-
tion in aerated stirred tanks using a two-phase PIV and a digi-
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tal image processing method based on a threshold criterion.
However, pure bubble-induced flow was not used; rather, a
Rushton turbine was included in the mixing tank.

Druault et al. [11] developed a new proper orthogonal de-
composition (POD) application to recover information be-
tween two consecutive PIV time measurements based on
time-resolved PIV data of in-cylinder engine flows. By per-
forming a POD over the full PIV velocity field snapshots,
resulting POD coefficients were time-interpolated in order to
have a continuous space—time description of the turbulent
flow field. The study concluded that such interpolation proce-
dure could be applied to any time-resolved PIV data for turbu-
lent flow fields.

Most bubble-induced flows were investigated in an axi-
symmetric tank. In this study, a rectangular tank was chosen to
acquire clearer and undistorted images. Such data can help in
understanding dynamic flow structures based on the time-
resolved PIV technique, which requires accurate quantitative
visualization. The aim of this study is to understand mixing
characteristics in the vitrification process of radioactive wastes
using an induction cold crucible melter (CCM) to find the
optimal operating conditions and design guidelines.

Because mixing characteristics in bubble-driven turbulent
liquid flow are strongly governed by large-scale motions in
the flow field, an analysis of large-scale dynamics is necessary
to understand the mixing mechanism. We measured the entire
flow field and analyzed large-scale dynamic structures and
turbulent characteristics in bubble-driven water flow in a rec-
tangular tank using time-resolved PIV and POD techniques
for the bubbling mixer.

2. Experimental set-up

Fig. 1 shows a schematic diagram of the experimental set-
up. A cube is made of transparent acrylic panels with a length
of 0.3 m in each dimension. Tap water was used as the work-
ing fluid, and compressed air formed the bubble stream. The
height of the free surface is 150 mm from the bottom wall. An
air injection nozzle with a nozzle diameter (Dy) of 5 mm was
placed at the center of the bottom wall. The exit of the nozzle
is located 42 mm above the bottom wall. Compressed air was
supplied to the nozzle through a regulator valve, and a flow
meter was used to precisely control the flow rate of air. The
flow rate of compressed air varied from 2 to 4 £/min at an air
pressure of 0.5 MPa.

To reduce diffused reflections originating from the bubbles
and the nozzle, fluorescent polymer particles (Dantec dynam-
ics) were used. The maximum excitation wavelength of the
particles is 550 nm, and the maximum emission wavelength is
590 nm. A laser beam 5 mm in diameter originating from a
532-nm diode CW laser passed through a spherical lens and a
cylindrical lens and turned into a 2 mm thick sheet beam. The
sheet beam irradiated the object plane through the transparent
side wall. A 10-bit high-speed CMOS camera (1,280 x 1,024
pixels, pco. 1,200 hs, PCO) was used with a 545-nm long-pass

0.3 m Cubic Acrylic Tank

Spherical &
Cylindrical Lenses

532 nm diode CW laser

545 nm
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Air Injection Nozzle

Image Intensifier
10 bit CMOS
High Speed Camera

Fig. 1. Schematic diagram of the experimental set-up.

optical filter mounted on its lens to eliminate diffused reflec-
tions. An image intensifier (UVI 507, Invisible Vision Ltd)
was used to acquire enhanced clean particle images. The size
of the field-of-view is 120 mm x 100 mm. It was chosen to
acquire the whole field of bubble-driven water flow just below
the oscillating free surface and beside the bubble stream to
avoid optical disturbances. A typical two-dimensional time-
resolved PIV system was adopted. For each case, 1,000 im-
ages were acquired, with time interval of 12.5 ms (80
frames/s) between images, and the images were interrogated
using a two-frame cross-correlation technique. Interrogation
windows were set at 48 x 48 pixels; the FFT window size was
set at 64 x 64 pixels; and a 50% window overlap was adopted.
False vectors in the raw vector fields were eliminated using
the magnitude difference technique with 80% threshold. They
were then interpolated with a 3 x 3 Gaussian convolution.

3. Proper orthogonal decomposition

Dynamic information of the flow field can be explained ef-
fectively by the POD, from which the relative energy distribu-
tion was acquired. By using the POD technique as proposed
by Lumley, the flow field can be decomposed into optimal
orthogonal spatial modes and optimal orthogonal temporal
modes [12].

u(x,0) = a" ()" (x) )]

Optimality means that POD minimizes the mean square er-
ror of any partial sum of expansion and, conversely, expansion
in terms of these bases obtained by POD converges faster than
the expansion in terms of any other basis, such as the Fourier
decomposition. Spatial modes can be obtained by solving the
following integral equation:

jR(x, o (x)dx = A" (x) )

where A is the eigenvalue and the ensemble-averaged two-
point correlation function. The orthogonality of spatial and
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Table 1. Flow conditions and dimensionless values.

Dn Dg Vg | Bubblefrequency
Case Re Eo
(mm) | (mm) |(m/s) (Hz)
1 5 21.8 | 031 13.5 6,744 64
I 5 240 |0.39 14.0 9,341 77
I 5 250 |0.53 15.0 13,223 84

(a) Case I (2 £/min)

(b) Case II (3 £/min)

(c) Case III (4 ¢/min)

Fig. 2. Flow visualization image of bubble stream and free surface
fluctuation in the tank. (a) Case I (2 £/min), (b) Case II (3 €/min) and
(c) Case III (4 £/min).

temporal bases is represented as follows:

(0" x),0" (X)) =6, + (a"®).a"@)=2"5, O

Because the traditional direct method requires many calcu-
lations, thus taking up much time, Sirovich [13] suggested the
snapshot method, which can save calculation time. In this
research, we executed a POD analysis using the snapshot
method and the instantaneous fluctuating velocity field in
order to find the dynamic structures:

u(x,£) = 8(x) +w'(x, 1) = 6(x) + Zw: a"™ ()™ (x) )

From the calculated eigenmodes, spatial and temporal
modes were derived. Temporal modes represent the time
variations of energy in the corresponding spatial modes. Thus,
movement of the dominant flow structures relative to fre-
quency can be obtained mathematically.

From these data, we extracted the turbulent kinetic energy
contribution and compared it with a large-scale structure using
the sum of the first few modes.

4. Results and discussion

Fig. 2 shows a flow visualization image of the bubble

stream and free surface fluctuation in the tank. The detached
bubble size at the nozzle exit is about two times larger than the
nozzle diameter. However, the combined bubbles and final
size of the rising bubbles near the free surface become 4-5
times larger than the nozzle diameter. Increasing the flow rates
causes the mean diameter and mean velocity of the bubbles to
increase. The frequency at which the bubbles are detached
from the nozzle slightly increases as well. The velocities of the
bubble rise are not exactly proportional to the air flow rates.

The shape of the developed air bubble looks like a cone (Fig.
2). The terminal velocity of the bubble can be calculated using
the following equation:

1/2
V= ipwater_pair gDB (5)
3 pwater CD

Assuming that the drag coefficient Cp is 1.15 (cone with 6 =
90°) for case III [14], the obtained terminal velocity is 0.59
m/s. Compared to the measured bubble rise velocity of 0.53
m/s, the calculated value of the terminal velocity shows good
agreement with the measurement.

Reynolds and E6tvos numbers were calculated according to
the following equations:

Re= i{lenial force _ p, V- Dy (©6)
viscous force M,
. 2
Fo= lift force _&ApD; %)
surface tension force o

where py is the density of the working fluid, V3 is the mean rise
velocity of the bubbles, Dy is the mean diameter of the bub-
bles calculated from the images, uy is the absolute viscosity of
the working fluid, g is the acceleration due to gravity, Ap is
the difference in density between the two phases, and o is the
surface tension of the interfacial layer. The obtained flow pa-
rameters are listed in Table 1.

When the Eo and Re values of the three cases are plotted on
the shape regime graph [15], all are located in the regime of
the “spherical cap” shape, which is similar to the shape of the
bubbles (cone shape, Fig. 2). Because air bubbles disappear at
the free surface, there is no gas phase in the measurement
volume. The buoyancy-driven kinetic energy of the bubble-
generated recirculation flow in the liquid, as well as the waves
at the free surface.

Fig. 3 shows the time-averaged velocity fields induced by
bubbles for each case. A total of 999 instantaneous velocity
fields were ensemble-averaged to obtain the mean velocity
field. There is an upward flow that was driven by the bubble
stream on the right half of the vector plots, and a counter-
clockwise large vortical structure is located at the upper left
side. There is also inward flow at the right-bottom side of the
view, which is induced by rising air bubbles. When the time-
averaged velocity fields for each case were compared, we
observed a movement of the center of the vortical structure.
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Time averaged Velocty [mis]

(c) Case III (4 ¢/min)

(d) Velocity profiles (Y/Dy = 15)

Fig. 3. Mean velocity vector fields with turbulent kinetic energy con-
tour for each case: (a) case I (2 £/min), (b) case II (3 £/min), (c) case
III (4 €/min), and (d) velocity profiles at Y/Dy = 15.

As the flow rate of compressed air increases, the center of the
vortex moves outward and downward. In case I, the core loca-
tion of the structure is at X/Dy = 22.5 and Y/Dy = 18.2,
whereas in case III, the core location of the structure moves to
X/Dy = 24.5 and Y/Dy = 15.5. Core location can be affected
by the chamber size, depth of liquid, size of the nozzle, and
flow rates of gas, among others. However, in the present ex-
periment, all parameters were fixed, except for the flow rates.
We believe that the increased flow of compressed air transfers
more upward kinetic energy to the working fluid and that the
faster-moving working fluid gains more inertial force, which
in turn pushes the vortical structure outward and makes it nar-
rower. Therefore, the center of the structure moves outward.
Due to the existence of a free surface and the side wall of the
tank, the center of the structure moves downward.

The mean velocity profiles along Y/Dy = 15 are shown in
Fig. 3(d). The horizontal line at Y/Dy = 15 passes the vortex
cores. The horizontal velocity component U depicts similar
behavior for all three cases in terms of direction and magni-
tude. However, the vertical velocity component V varies with
the air flow rate. As the flow rate increases, the vertical veloc-
ity induced by the gas bubbles becomes stronger and wider
[Fig. 3(d)]. Note that the magnitude of vertical velocity is
quite low (0.015-0.020 m/s) compared with the bubble rise
velocity (0.31-0.53 m/s). The uniform vertical flow area was
observed between the recirculating region and the bubble rise

region. Bubble velocity increases with increasing gas flow rate.

However, the induced vertical flow due to viscosity is not
strong in the regime with a high Reynolds number.
The contour in Fig. 3 illustrates the turbulent kinetic energy

g
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Fig. 4. Cumulative energy distributions of each case: (a) cumulative
percentage sum of the total kinetic energy and (b) cumulative percent-
age sum of the turbulent kinetic energy.

distribution of each case. In case I, the greatest turbulent ki-
netic energy is located at the recirculating zone, whereas in
case III, it is located at the right side near the bubble rising
region. In case II, peak values of the turbulent kinetic energy
are found in the recirculating region near the free surface and
in the vicinity of the bubble rising region. We conclude that
the dominant mechanism of turbulence generation strongly
depends on the Reynolds number of the bubble-driven water
flow. In the visualization study, bubbles move with more vig-
orous agitation, and the fluctuation of the free surface be-
comes stronger as the gas flow rate increases.

In our POD analysis, the eigenvalue represents the turbulent
kinetic energy of each mode. Fig. 4 demonstrates the turbulent
kinetic energy distribution and the corresponding cumulative
energy sum with respect to the mode number for each case.
The time-mean flow field has 78% of the total kinetic energy
at case 1. This means that the dominant dynamic structure in
the set of instantaneous velocity fields is the time-averaged
recirculating motion. Most turbulent kinetic energy is concen-
trated on the first few percent of the total number of modes.
For example, the first 20 modes have 83.6% of the total turbu-
lent kinetic energy (96.1% of the total kinetic energy) in case 1.
The time-averaged velocity fields of cases II and III have 74%
and 65% of the total kinetic energy, respectively. With
increasing Reynolds numbers, the energy-cascading process
begins at higher modes, and the energy spectrum of the
turbulent transport becomes wider. This behavior is shown in
Fig. 4(a): the cumulative kinetic energy increases slowly along
with increasing air flow rate. The cumulative percentage sum
of the turbulent kinetic energy also shows similar behaviors,
[Fig. 4(b)].

Figs. 5-7 show the four spatial and temporal modes in order.
They represent the dynamics of large-scale motions in turbu-
lent mixing flow for three different flow rates. Fig. 5 demon-
strates the initial eigenmodes at the flow rate of 2 {/min. The
first spatial mode contains the largest turbulent kinetic energy.
From Fig. 5(a), one can recognize the upward rising flow be-
cause of a vortex rotating counter-clockwise at the right side
and another vortex rotating clockwise near the upper side of
the wall. Two vortices make a counter-rotating vortex pair.
Several small-scale vortices are observed in the second spatial
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Fig. 5. First four eigenmodes of case I: (a) first spatial mode, (b) first
temporal mode, (c) second spatial mode, (d) second temporal mode, (e)
third spatial mode, (f) third temporal mode, (g) fourth spatial mode,
and (h) fourth temporal mode.

mode [Fig. 5(c)]. These structures are randomly distributed in
the flow field, such that the averaged velocity field has a sin-
gle large-scale vortex in the measurement plane. Figs. 5(¢) and
5(g) show the third and fourth eigenmodes, which reveal that
the large-scale structure becomes smaller and smaller
throughout the turbulent energy-cascading process.

The higher modes that appear in Figs. 5(e) and 5(g) are not
the dominant structures in the overall flow field, compared
with the first and second modes. However, these motions cer-
tainly contribute to turbulent mixing behavior. The temporal
mode represents the time variation of energy contained in the
corresponding spatial mode. We conjectured that the temporal
mode illustrates the associated time scales with the corre-
sponding spatial mode. The first temporal mode of case I

400 800 B0
Time sequence{tT)

(d) Second temporal mode
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Pt o o oY b TR e
' VY "

i 1 "
00

400 800 B0
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Fig. 6. First four eigenmodes of case II: (a) first spatial mode, (b) first
temporal mode, (¢) second spatial mode, (d) second temporal mode, (e)
third spatial mode, (f) third temporal mode, (g) fourth spatial mode,
and (h) fourth temporal mode.

shows very slow sinusoidal oscillation [Fig. 5(b)]. The second
temporal mode has the same frequency as that of the oscilla-
tion, but there is a phase lag between the first and second tem-
poral modes [Fig. 5(d)]. The third and fourth temporal modes
that are shown in Figs. 5(f) and 5(h) have the same frequency
and phase, but their frequency is twice that of the first and
second modes.

Fig. 6 shows large-scale motions in the case with a flow rate
of 3 {/min. The salient feature of the first spatial mode [Fig.
6(a)] is that the high momentum zones coincide with the high
turbulent kinetic energy regions [Fig. 3(b)]. The second spatial
mode depicts high-speed upward vertical motion to the free
surface and downward vertical flow at the side wall. As the
flow rate of air increases, the velocity of the bubbles also



1824 S. J. Yi et al. / Journal of Mechanical Science and Technology 24 (9) (2010) 1819~1827

increases, causing the associated vibrating motion to generate
more turbulence. The increased kinetic energy of the bubbles
creates free surface vibration, followed by increased rising
velocity near the free surface, and randomly distributed
smaller vortices in higher eigenmodes [Figs. 6(¢) and 6(g)].
There are several counter-rotating vortices inside the mean
recirculating zone. Many saddle points are found in the third
and fourth spatial modes, indicating that three-dimensional
motion of large-scale eddies increases compared to that in
case L.

Temporal modes in case II are similar to those in case 1.
However, high-frequency oscillation was added to the low-
frequency motion. High-frequency oscillation can be attrib-
uted to the unsteady bubbling motion. Fig. 7 shows the four
eigenmodes present when the air flow rate is 4 £/min. Both the
spatial and temporal modes are quite different from those
shown in Figs. 5 and 6. The first spatial mode [Fig. 7(a)]
represents the high-momentum upward vertical flow that is
due to the rising bubbles near the free surface, and the location
coincides with the high turbulent kinetic energy region shown
in Fig. 3(c). A weak vertical flow pattern is also observed in
the mean recirculating zone. The second spatial mode contains
three different dynamics [Fig. 7(c)]. Upward vertical flow
occurs near the free surface, two counter-rotating vortices
appear in the region of the mean recirculation, and a push-
flow pattern is observed from the bubble rising zone. As ex-
pected from the mean turbulent kinetic energy distribution of
case III [Fig. 3(c)], turbulence production from rising bubbles
seems significant compared to that of cases II and III. The
third spatial mode shows only a push-flow pattern from the
rising bubbles [Fig. 7(e)]. An interesting feature of the fourth
spatial eigenmode is a suction flow mode due to the rising
bubbles [Fig. 7(g)]. The low-pressure region in the wake be-
hind the moving bubbles is considered to entrain the nearby
liquid.

The first temporal mode shows a beating nature combining
a low-frequency and a high-frequency harmonic oscillation
[Fig. 7(b)]. The second temporal mode [Fig. 7(d)] looks simi-
lar with the first temporal mode, but it contains much higher
frequencies. Fig. 7(f) shows that the third temporal mode os-
cillates with a higher frequency compared with lower modes.
The fourth temporal mode [Fig. 7(h)] is the same as the third
mode, indicating that both the third and fourth modes are as-
sociated with bubble dynamics in case III. Unlike cases I and
II, small-scale vortical motions do not appear in the first four
spatial modes because energy-containing eddies are domi-
nated by higher bubble rising velocities and free surface flows.

Figs. 8-10 show the FFT analysis results of each temporal
mode. There are many different time scales in the bubble-
driven flow, such as eddy turnover time scale, bubble-
generating time scale, and surface-wave-induced time scale.
The first temporal mode of case I shows very slow sinusoidal
oscillation with a frequency of 0.08 Hz [Fig. 8(a)]. This kind
of low-frequency unsteadiness has been observed for an im-
pinging jet with a low Reynolds number in a confined wall
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Fig. 7. First four eigenmodes of case III: (a) first spatial mode, (b) first
temporal mode, (c) second spatial mode, (d) second temporal mode, (¢)
third spatial mode, (f) third temporal mode, (g) fourth spatial mode,
and (h) fourth temporal mode.

(Kim et al. [16]). Since the bubble flow rising to the free sur-
face is similar to the impinging jet to a normal wall, low-
frequency oscillation can be explained as a kind of sloshing
motion of the free surface or the bubble jet. The second tem-
poral mode has the same peak at a frequency of 0.08 Hz. The
third and fourth temporal modes [Figs. 8(c) and 8(d)] have a
frequency of 0.16 Hz, which is twice that of the first and sec-
ond modes.

The FFT results of the first and second temporal modes of
case II have peaks at 0.08 Hz, which is the same as that of
case I [Figs. 9(a) and 9(b)]. However, there is another peak at
a frequency of 1.523 Hz in the second temporal mode.

We conjectured that the higher dominant frequency oscilla-
tion might be related to vibration of the free surface, which
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interacts with the rising bubbles. This frequency is quite low
compared to the bubble-generation frequency of 14.0 Hz at
the nozzle exit. Therefore, this frequency may be related to the
free surface wave. Unfortunately, we did not measure the fre-
quency of the free surface oscillation. The peaks of the FFT
results of the third and fourth temporal modes [Figs. 9(c) and
9(d)] occurred at a frequency of 0.16 Hz, which is twice the
peak frequency of the first and second temporal modes.

Fig. 10 demonstrates the FFT result of the temporal modes
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Fig. 10. FFT results of case III (4 ¢/min): (a) first temporal mode, (b)
second temporal mode, (c) third temporal mode, and (d) fourth tempo-
ral mode.

in case III. The first temporal mode [Fig. 10(a)] oscillates with
two distinct frequencies: 0.08 Hz and 1.363 Hz. The lower
frequency may be attributed to the recirculating flow near the
side wall, and its value is the same as that of the first mode in
case I. The higher frequency of 1.363 Hz may be associated
with the vibration of the free surface. The spectrum of the
second temporal mode shows a similar nature as that of the
first mode, but the magnitudes of the peaks are reduced [Fig.
10(b)]. The third and fourth temporal modes show a rather
broad spectrum compared with that of the first and second
modes. The maximum peak appeared at a frequency of 4.649
Hz [Figs. 10(c) and (d)]. Although this frequency is lower than
the bubble-generating frequency at the nozzle exit (15 Hz), it
may be related to the oscillation of rising bubbles because the
corresponding spatial modes demonstrate bubble-related mo-
tions.

5. Conclusion

In order to investigate the spatial and temporal structures of
bubble-driven turbulent water flow with three different air
flow rates, an experimental study was conducted using the
time-resolved PIV and POD techniques. Even though the
time-averaged mean flow fields show similar flow patterns for
all cases, the dynamic characteristics of large-scale turbulent
motions are significantly different with respect to the Rey-
nolds number of the bubble.

In case I, most turbulent kinetic energy and large-scale mo-
tions are concentrated in the mean recirculating zone. The first
two temporal modes are highly correlated with each other,
resulting in harmonic oscillation. As the Reynolds number of
the bubble increases, dominant turbulent motions are gener-
ated by the bubbles. The first four spatial modes obtained in
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case III vividly demonstrate outward and inward flow dynam-
ics due to the unsteady bubble motions. From the result of the
FFT analysis of each temporal mode, it is conjectured that the
low frequency may be attributed to the recirculating flow near
the side wall, and the higher dominant frequency oscillation
may be related to the vibration of the free surface, which in-
teracts with the rising bubbles.
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Nomenclature

Pwaer - Density of water

pPar  Density of air

g : Acceleration of gravity
Dg  : Mean diameter of bubbles
Dy : Diameter of nozzle

Vs : Mean rise velocity of the bubble
Cp  : Drag coefficient

uw  : Absolute viscosity of water
o : Surface tension of the interface layer
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